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 الحلول التحليلية للجزء المتجانس

 محمد علي الحجاجي وحسن المهدي النجّار
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 الملخص

تم تطوير صياغة دقيقة لطريقة العناصر المحددة من أجل التحليل الساكن للانحناء في كمرات  

اشتقاق   تم  انحناء.  وعزوم  موزعة  عرضية  لأحمال  والمعرضة  بالقص،  للتشوه  القابلة  تيموشينكو 

ليلية  المعادلات التفاضلية الحاكمة المزدوجة باستخدام مبدأ أقل طاقة وضع، ثم استخُدمت حلولها التح

المتجانسة لبناء دوال التشكيل التي تحقق المعادلات الحاكمة بشكل تام داخل مجال العنصر. ويسهم 

ومعدل   محسّنة  دقة  ويوفر  عنصر،  كل  داخل  الاستيفاء  عن  الناتجة  التقريب  أخطاء  إزالة  في  ذلك 

 .دتقارب أفضل مقارنة بعناصر الكمرات التقليدية المعتمدة على الدوال متعددة الحدو

تمت صياغة عنصر كمرة مكوّن من عقدتين وأربع درجات حرية، كما تم اشتقاق صيغ مغلقة  

لمصفوفة صلابة العنصر ومتجه الأحمال المتسقة مباشرةً من دوال التشكيل الدقيقة. وقد تم التحقق  

، والكمرات بسيطة الكابوليمن كفاءة الصياغة المقترحة من خلال مسائل معيارية تشمل الكمرات  

المثبتة والكمرات  والمثبتة–الارتكاز،  النتائج  –المفصلية،  أظهرت  الطرفين.  من  والمثبتة  الدوارة، 

برنولي، ونماذج العناصر المحددة –العددية توافقاً ممتازًا مع الحلول التحليلية، وتنبؤات نظرية أويلر

 .الحرية ، مع الحاجة إلى عدد أقل بكثير من درجات Abaqusعالية الدقة باستخدام برنامج

للكمرات   الساكن  للتحليل  الحسابية  الناحية  دقيقاً وفعالًا من  المقترحة عنصرًا  الصياغة  توفر 

المستقبلية   للتوسعات  مناسباً  أساسًا  تمثل  تيموشينكو، كما  السماكة وفق نظرية  السميكة والمتوسطة 

 .لتشمل مسائل التحليل الديناميكي، والاستقرار، والتحليل الحراري المرن

المفتاحية: دوال   الكلمات  المتجانس؛  التحليلي  الحل  الدقيقة؛  المحددة  العناصر  تيموشينكو؛  كمرة 

 .التشكيل الدقيقة؛ الانحناء الساكن؛ التشوه بالقص

ABSTRACT 

An exact finite element formulation is developed for the static bending analysis of 

shear-deformable Timoshenko beams under distributed transverse loads and bending 
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moments. The coupled field equations are obtained by applying the principle of minimum 

potential energy to the Timoshenko beam formulation., and their analytical homogeneous 

solutions are employed to construct interpolation functions that satisfy the governing 

equations exactly throughout the element domain. This eliminates interpolation errors 

within each element and provides improved accuracy and convergence compared with 

conventional polynomial-based beam elements. An exact two-node beam element 

incorporating four degrees of freedom is established, and explicit closed-form 

expressions for the corresponding element stiffness matrix and consistent load vector are 

derived directly from the exact interpolation functions. The proposed formulation is 

validated through benchmark problems involving cantilever, simply supported, clamped–

pinned, clamped–roller, and clamped–clamped beams. The numerical results show 

excellent agreement with analytical solutions, Euler–Bernoulli beam predictions, and 

highly refined Abaqus finite element models, requiring a substantially smaller number of 

degrees of freedom. The proposed element provides an accurate and computationally 

efficient framework for the static analysis of thick and moderately thick Timoshenko 

beams and establishes a foundation for future extensions to dynamic, stability, and 

thermoelastic problems. 

KEYWORDS: Timoshenko beam; Exact finite element; Analytical homogeneous 

solution; Exact shape functions; Static bending; Shear deformation. 

INTRODUCTION 

Accurate prediction of the static response of beam structures is fundamental to the 

analysis and design of engineering systems in civil, mechanical, aerospace, and offshore 

applications. Even though the Euler–Bernoulli beam theory has been extensively used 

due to its simplicity and computational efficiency, its fundamental assumption that cross-

sections remain perpendicular to the neutral axis neglects transverse shear deformation, 

limiting its applicability to short, deep, sandwich, laminated composite, and other 

moderately thick beams where shear effects are significant [1–5]. To overcome this 

limitation, Timoshenko beam theory accounts transverse shear deformation together with 

independent cross-sectional rotation, providing a more realistic representation of beam 

behavior over a wide range of span-to-depth ratios [1–5]. 

For practical engineering problems involving complex loading conditions and 

support configurations, the finite element method has become the most widely used 

numerical technique because of its flexibility and computational efficiency [6–8]. 

Conventional Timoshenko beam elements generally employ assumed polynomial 

interpolation functions to approximate the transverse displacement and rotation fields 

independently. Although considerable progress has been achieved through reduced 

integration, mixed formulations, assumed-strain techniques, and higher-order 

interpolation schemes to mitigate shear locking and improve numerical performance [9–

14], these formulations remain fundamentally approximate because the assumed 

interpolation functions do not satisfy the coupled field equations exactly within the 

element domain. 

An alternative strategy is provided by the exact finite element formulation, in which 

the interpolation functions are constructed directly from the analytical homogeneous 

solutions of the governing differential equations rather than being assumed a priori [15–

17]. Since these interpolation functions satisfy the homogeneous governing equations 

exactly throughout the element domain, interpolation errors associated with conventional 
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polynomial approximations are eliminated, resulting in improved numerical accuracy, 

rapid convergence, and enhanced computational efficiency. 

Despite the significant advances in exact finite element formulations, relatively few 

studies have presented a unified framework that simultaneously incorporates exact 

interpolation functions, a consistent equivalent nodal load vector, and analytical 

benchmark solutions for the static bending analysis of Timoshenko beams under general 

loading conditions and classical boundary configurations. Although analytical finite 

element formulations have previously been reported, notably the exact beam elements 

developed by Eisenberger [15,16] and the dynamic stiffness formulation proposed by 

Bazoune and Khulief [17], these studies primarily focused on the development of 

analytical stiffness matrices or dynamic formulations. Consequently, a unified 

formulation integrating the formulation of exact interpolation functions, the element 

stiffness matrix, the consistent equivalent nodal load vector, and closed-form analytical 

benchmark solutions within a single computational framework remains limited. 

Accordingly, this paper presents an exact finite element solution for the static 

analysis of Timoshenko beams based on the analytical homogeneous solutions of the 

coupled governing differential equations derived using the principle of minimum 

potential energy. Exact interpolation functions are constructed for a two-node beam 

element with four degrees of freedom, from which closed-form expressions for the 

element stiffness matrix and the consistent equivalent nodal load vector are obtained. 

Furthermore, exact analytical benchmark solutions are established for several classical 

boundary conditions and loading cases to facilitate verification of the proposed 

formulation. The developed element is validated through comparisons with analytical 

closed-form solutions, Euler–Bernoulli beam predictions, and highly refined Abaqus 

finite element models. The numerical results demonstrate that the proposed formulation 

achieves excellent accuracy while requiring substantially fewer degrees of freedom than 

conventional finite element discretizations, providing an efficient computational 

framework for the static analysis of thick and moderately thick Timoshenko beams and 

establishing a foundation for future extensions to dynamic, stability, and thermoelastic 

analyses. 

LITERATURE REVIEW ON TIMOSHENKO FINITE ELEMENT 

FORMULATION 

The development of finite element solutions for shearable beams has been 

extensively investigated over the past several decades. because of the need to accurately 

represent transverse shear deformation in thick and moderately thick beam structures. 

Unlike Euler–Bernoulli beam elements, Timoshenko beam formulations require 

independent interpolation of the transverse displacement and cross-sectional rotation 

fields, introducing additional challenges in constructing accurate and numerically stable 

finite elements. Consequently, extensive research has focused on improving the accuracy 

of Timoshenko beam elements while mitigating numerical deficiencies, particularly the 

shear-locking phenomenon encountered in slender beam analysis [18–20]. 

Early developments concentrated primarily on displacement-based finite element 

formulations capable of representing shear deformation effects. Archer [18] introduced 

independent interpolation concepts for beam finite elements, establishing an important 

foundation for subsequent Timoshenko beam formulations. Davis, Henshell, and 

Warburton [19] subsequently developed one of the earliest two-node Timoshenko beam 
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elements by independently interpolating the transverse displacement and rotation 

variables. Thomas, Abbas, and co-workers [20] further investigated interpolation 

strategies and convergence characteristics, demonstrating that the selection of 

displacement and rotation interpolation fields has a significant influence in the numerical 

behaviour and convergence performance of Timoshenko beam elements. 

The limitations of conventional displacement-based formulations motivated the 

development of various techniques to mitigate shear locking and improve convergence. 

Reduced and selective integration methods were introduced by Prathap and Bhashyam 

[9] to reduce excessive artificial shear stiffness. Mixed finite element formulations were 

later proposed by Simo and Rifai [11], introducing additional independent strain variables 

to improve the representation of transverse shear deformation and enhance numerical 

stability. Other approaches, including assumed-strain methods, field-consistent 

formulations, and enhanced interpolation techniques, were subsequently developed to 

achieve locking-free behaviour while maintaining computational efficiency [12–14]. In 

particular, Friedman and Kosmatka [21] proposed an improved two-node beam element 

that significantly reduced shear-locking effects without introducing excessive 

computational complexity. Although these developments substantially improved the 

performance of conventional Timoshenko beam elements, their accuracy remains 

dependent on the assumed interpolation functions and the adopted numerical treatment of 

shear deformation. 

In parallel with these finite element developments, advanced beam theories were 

proposed to improve the representation of transverse shear deformation. Levinson [22] 

developed a higher-order beam theory capable of representing realistic transverse shear 

strain distributions without requiring empirical shear correction factors. Subsequently, 

Reddy [23] proposed a higher-order shear deformation theory in which the transverse 

shear stresses naturally satisfy the zero-stress boundary conditions at the beam top and 

bottom surfaces. Although these theories provide improved accuracy for thick and 

laminated composite beams, their finite element implementation generally requires 

additional degrees of freedom and increased formulation complexity compared with 

classical Timoshenko beam elements. 

An alternative strategy for improving finite element accuracy is the exact finite 

element solution, in which the interpolation functions are derived directly from the 

analytical homogeneous solutions of coupled equations rather than being assumed a 

priori. Since these interpolation functions satisfy the homogeneous governing equations 

exactly throughout the element domain, they provide a more accurate representation of 

structural behaviour while eliminating interpolation errors associated with conventional 

polynomial approximations. Eisenberger [15,16] pioneered this concept by deriving exact 

shape functions and analytical stiffness matrices for Timoshenko beam elements. 

Subsequently, Bazoune and Khulief [24] developed an exact finite beam element 

applicable to both static and dynamic analyses, while Edem [25] extended the exact 

element concept to dynamic analysis using frequency-dependent exact shape functions 

for vibration prediction. 

More recent research has further extended Timoshenko beam formulations to address 

increasingly complex structural applications. Huong and Gan [26] developed consistent 

shape functions for linearly tapered Timoshenko beam elements, demonstrating improved 

static prediction accuracy. Karttunen, Romanoff, and Reddy [27] proposed an exact 
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microstructure-dependent Timoshenko beam element, illustrating the applicability of 

exact interpolation to multiscale structural analysis. Katili et al. [28] presented a unified 

higher-order formulation for functionally graded beams, whereas Amir et al. [29] 

developed a consistent Timoshenko beam finite element with enhanced numerical 

performance. More recently, Nguyen and Vo [30] proposed a unified finite element 

formulation applicable to Timoshenko beams with arbitrary cross-sectional geometries, 

and Le [31] employed isogeometric analysis with highly continuous basis functions to 

improve numerical accuracy while avoiding shear locking. More recently, research has 

continued to enhance the accuracy and computational efficiency of shear-deformable 

beam formulations. Mohamedien et al. [32] developed a geometrically nonlinear transient 

Timoshenko tapered beam-column element based on exact shape functions and 

demonstrated its capability for accurate nonlinear dynamic analysis with relatively few 

degrees of freedom. Song et al. [33] proposed new discrete formulations for Euler–

Bernoulli and Timoshenko beams that preserve the mathematical consistency of exact 

shape-function-based beam models while improving computational efficiency. These 

recent developments highlight the continuing interest in analytical and exact beam 

formulations for improving the accuracy and robustness of structural analysis. 

Despite these recent advances, most existing Timoshenko beam finite element 

formulations continue to rely on assumed interpolation functions or specialized numerical 

techniques to improve their performance. Consequently, the governing differential 

equations are generally satisfied only in an approximate sense within each finite element. 

Exact finite element formulations based directly on analytical homogeneous solutions 

remain relatively limited, particularly for static bending problems involving general 

loading conditions, distributed bending moments, concentrated end actions, and various 

classical boundary configurations. 

The present study addresses this limitation by developing an exact finite element 

solution for the static analysis of Timoshenko beams based on the analytical 

homogeneous solutions of the coupled field equations obtained from the minimum 

potential energy. The proposed formulation systematically derives the exact interpolation 

functions, element stiffness matrix, and consistent equivalent nodal load vector within a 

unified computational framework while establishing analytical benchmark solutions for 

several classical boundary conditions and loading cases. The resulting two-node beam 

element having two degrees of freedom per node combines the analytical accuracy of 

exact solutions with the computational efficiency and flexibility of the finite element 

method, providing an effective tool for the analysis of thick and moderately thick shear-

deformable beam structures. 

TIMOSHENKO BEAM KINEMATICS  

Consider a straight Timoshenko beam of span 𝐿, constant cross-sectional area 𝐴, 

width 𝑏, and height ℎ, as shown in Figure (1). The beam axis is aligned with the global 

𝑥-coordinate, while the transverse direction is defined along the 𝑧-axis. The beam is 

assumed to be homogeneous, isotropic, linearly elastic, and subjected to small 

deformations. 

Unlike the classical beam theory, the Timoshenko beam formulation accounts for 

transverse shear deformation by introducing two independent kinematic variables: the 

transverse displacement 𝑤(𝑥) and the cross-sectional rotation 𝜙(𝑥). The displacement 
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field is therefore described by the transverse deflection of the beam axis and the rotation 

of the cross-section, which are independent functions of the longitudinal coordinate 𝑥. 

The proposed formulation is developed under the following assumptions: 

1. The beam has constant cross-sectional properties along its length, such that the 

bending rigidity 𝐸𝐼 and shear rigidity 𝑘𝐺𝐴 remain uniform throughout the element.  

2. The beam material is considered homogeneous, isotropic, and linearly elastic.  

3. The beam undergoes small displacements, strains, and rotations; therefore, geometric 

nonlinear effects are neglected.  

4. Cross-sections that are originally plane and perpendicular to the undeformed beam axis 

remain plane after deformation but are not constrained to remain perpendicular to the 

deformed axis. Consequently, transverse shear deformation is included in accordance 

with Timoshenko beam theory.  

5. The axial displacement of the centroidal axis is neglected, and only the transverse 

displacement and cross-sectional rotation associated with bending deformation are 

considered.  

 

Figure 1: Timoshenko beam in undeformed and deformed configurations. 

 

In accordance with the above assumptions, the centroidal axis assumed to undergo 

no axial displacement of arbitrary point 𝑝(𝑥, 𝑧), measured from the mid-surface, is given 

by: 

𝑢𝑝(𝑥, 𝑧) = 𝑧𝜙(𝑥)  and 𝑤𝑝(𝑥, 𝑧) = 𝑤(𝑥)                                                                    (1-2) 

where 𝑤(𝑥) is the transverse displacement of the natural axis, and 𝜙(𝑥) is the section 

rotation normal to the mid-axis x.  

The non-zero normal and transverse strains are given as: 

 𝜀𝑥𝑥 =
𝑑𝑢𝑝

𝑑𝑥
= 𝑧

𝑑𝜙

𝑑𝑥
= 𝑧𝑘𝑥(𝑥)                                                                                             (3) 

and 

𝛾𝑥𝑧 = 𝑑𝑢𝑝/𝑑𝑧 + 𝑑𝑤𝑝/𝑑𝑥 = 𝑤′(𝑥) + 𝜙(𝑥)                                                                   (4) 

where 𝑘𝑥(𝑥) is the curvature of the beam cross-section associated with the rotation field, 

defined as 𝑘𝑥(𝑥) = 𝑑𝜙(𝑥)/𝑑𝑥, and prime (′) indicates differentiation with respect to 𝑥. 
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ENERGY EXPRESSIONS 

The strain energy formulation of the Timoshenko beam consists of bending and 

transverse shear contributions. The bending strain energy is expressed as: 

 𝑈𝑏 =
1

2
∫ ∫ 𝜎𝑥𝑥𝐴

𝐿

0
𝜀𝑥𝑥𝑑𝐴𝑑𝑥 =

1

2
∫ ∫ 𝐸

𝐴

𝐿

0
(𝜀𝑥𝑥)

2𝑑𝐴𝑑𝑥 =
1

2
∫ 𝐸𝐼𝑦𝑦
𝐿

0
(𝜙′)2𝑑𝑥                 (5) 

where the contribution of transverse shear deformation to the strain energy is: 

𝑈𝑠 =
1

2
∫ ∫ 𝜏𝑥𝑧𝐴

𝐿

0
𝛾𝑥𝑧𝑑𝐴𝑑𝑥 =

1

2
∫ ∫ 𝐺

𝐴

𝐿

0
(𝛾𝑥𝑧)

2𝑑𝐴𝑑𝑥 =
1

2
∫ 𝐺𝐴𝑘𝑠
𝐿

0
(𝑤′ +𝜙)2𝑑𝑥          (6)  

Accordingly, the total strain energy is obtained by summing the bending and shear 

components as: 

𝑈 = 𝑈𝑏 + 𝑈𝑠 =
1

2
∫ [𝐸𝐼𝑦𝑦(𝜙′)

2 + 𝐺𝐴𝑘𝑠(𝑤
′ +𝜙)2]

𝐿

0
𝑑𝑥                                                (7) 

The potential energy associated with the applied external transverse loads and 

bending moments is written as 

𝑉 =  ∫ [𝑞𝑧(𝑥)𝑤(𝑥) + 𝑚𝑥(𝑥)𝜙(𝑥)]𝑑𝑥
𝐿

0
 [𝐹𝑧(𝑥)𝑤(𝑥) +𝑀𝑥(𝑥)𝜙(𝑥)]0

𝐿                     (8) 

in which 𝑞𝑧(𝑥) and 𝑚𝑥(𝑥) denote the distributed transverse force and bending moment, 

respectively, while  𝐹𝑧(𝑥) and 𝑀𝑥(𝑥) represent the concentrated transverse forces and 

bending moments, respectively, applied at the ends (i.e., 𝑥 = 0 and 𝐿).  

The total potential energy functional of the Timoshenko beam is therefore expressed 

as: 

𝛱 =
1

2
∫ [𝐸𝐼𝑦𝑦(𝜙′)

2 + 𝐺𝐴𝑘𝑠(𝑤
′ +𝜙)2]

𝐿

0
𝑑𝑥  ∫ [𝑞𝑧(𝑥)𝑤(𝑥) + 𝑚𝑥(𝑥)𝜙(𝑥)]𝑑𝑥

𝐿

0
 

                                                     [𝐹𝑧(𝑥)𝑤(𝑥) + 𝑀𝑥(𝑥)𝜙(𝑥)]0
𝐿                                           (9) 

where E and 𝐺 are the Young’s modulus and shear modulus, respectively, 𝐴 is the cross-

sectional area, yyI  refers to the second moment of area about y-axis, and 𝑘𝑠 is the shear 

correction factor. The cross-sectional properties are defined as:  𝐴, 𝐼𝑦𝑦 = ∫ [1, 𝑧2]𝑑𝐴
𝐴

. 

MINIMUM POTENTIAL ENERGY CONDITION 

According to the principle of minimum potential energy, a Timoshenko beam is in a 

condition of stable equilibrium when the first variation of the total potential energy with 

respect to the admissible displacement fields is equal to zero. Accordingly, the governing 

equilibrium requirement is written as: 

𝛿Π = 𝛿𝑈𝑏 + 𝛿𝑈𝑠  𝛿𝑉 = 0                                                                                          (10) 

Applying this variational principle to the total potential energy functional yields the 

governing differential equations and the corresponding boundary conditions for the static 

bending problem within the Timoshenko beam framework. The resulting coupled 

governing equations in terms of the displacement 𝑤(𝑥) and bending rotation 𝜙(𝑥) are 

obtained as: 

 

 
𝑑

𝑑𝑥
[𝐺𝐴𝑘𝑠(𝑤

′ + 𝜙)] = 𝑞𝑧(𝑥) 

 
𝑑

𝑑𝑥
(𝐸𝐼𝑦𝑦𝜙

′) + 𝐺𝐴𝑘𝑠(𝑤
′ + 𝜙) = 𝑚𝑥(𝑥) 

For a beam with constant bending and shear stiffnesses, these equations are simplified to: 
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 𝐺𝐴𝑘𝑠(𝑤
′′ + 𝜙′) = 𝑞𝑧(𝑥)    (11) 

 𝐸𝐼𝑦𝑦𝜙
′′ + 𝐺𝐴𝑘𝑠(𝑤

′ + 𝜙) = 𝑚𝑥(𝑥)     (12) 

 

The associated boundary conditions are obtained from the boundary terms arising 

during the variation of the energy functional and are expressed as: 

[𝐺𝐴𝑘𝑠(𝑤
′ + 𝜙)  𝐹𝑧(𝑥)] 𝛿𝑤(𝑥) ∣0

𝐿= 0                                                  (13) 

[𝐸𝐼𝑦𝑦𝜙
′  𝑀𝑥(𝑥)] 𝛿𝜙(𝑥) ∣0

𝐿= 0                                                             (14) 

 

Equations (11) and (12), together with the corresponding natural boundary conditions 

in equations (13-14), constitute the governing formulation for the static bending analysis 

of shear-deformable beams. The present study aims to achieve two main objectives: (i) 

the derivation of an exact analytical solution for the coupled bending equations, and (ii) 

the development of a highly accurate finite element formulation employing exact shape 

functions.  

DERIVATION OF EXACT CLOSED-FORM SOLUTIONS 

The coupled static bending equations of the Timoshenko beam are obtained from the 

variational formulation and can be written as 

  𝐺𝐴𝑘𝑠(𝑤
′ + 𝜙)′ = 𝑞𝑧(𝑥)                                                                                           (15) 

  (𝐸𝐼𝑦𝑦𝜙
′)′ + 𝐺𝐴𝑘𝑠(𝑤

′ + 𝜙) = 𝑚𝑥(𝑥)                                                                     (16) 

where the stiffness ratio is introduced as:  𝑘 = 𝐺𝐴𝑘𝑠 𝐸𝐼𝑦𝑦⁄ . 

For constant bending and shear stiffnesses, equations (15) and (16) can be rewritten 

in the following form: 

(𝑤′′ + 𝜙′) =  
𝑞𝑧(𝑥)

𝐺𝐴𝑘𝑠
                                                                                                      (17) 

𝜙′′  𝑘(𝑤′ + 𝜙) =  
𝑚𝑥(𝑥)

𝐸𝐼𝑦𝑦
                                                                                          (18) 

From equation (17), the second derivative of the transverse displacement is expressed as: 

 𝑤′′ =  
𝑞𝑧(𝑥)

𝐺𝐴𝑘𝑠
 𝜙′                                                                                                        (19) 

Integrating equation (19) with respect to 𝑥 yields: 

𝑤′ +𝜙 =  
1

𝐺𝐴𝑘𝑠
∫ 𝑞𝑧(𝑥)𝑑𝑥 + 𝐶1                                                                             (20)  

where 𝐶1 represents an integration constant.  

Substitution of equation (20) into equation (18) gives the governing equation for the 

rotation field: 

𝜙′′ = 𝑘𝐶1  
𝑘

𝐺𝐴𝑘𝑠
∫ 𝑞𝑧(𝑥)𝑑𝑥  

𝑚𝑥(𝑥)

𝐸𝐼𝑦𝑦
                                                                         (21) 

For the case of uniformly distributed transverse loading and bending moment, the applied 

loads are assumed to be constant, such that 𝑞𝑧(𝑥) = 𝑞𝑧𝑜  and 𝑚𝑥(𝑥) = 𝑚𝑥𝑜. Accordingly, 

equation (21) reduces to: 

 𝜙′′ = 𝑘𝐶1  
𝑘

𝐺𝐴𝑘𝑠
𝑞𝑧𝑜𝑥  

𝑚𝑥𝑜

𝐸𝐼𝑦𝑦
                                                                                       (22) 

By integrating equation (22), one obtains:  

 𝜙(𝑥) =
𝑘𝐶1

2
𝑥2 + 𝐶2𝑥 + 𝐶3  

𝑘

6𝐺𝐴𝑘𝑠
𝑞𝑧𝑜𝑥

3  
𝑚𝑥𝑜

2𝐸𝐼𝑦𝑦
𝑥2                                                  (23) 
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Equation (23) can be separated into homogeneous and particular components as:                                 

 𝜙(𝑥) =  𝜙ℎ(𝑥) + 𝜙𝑝(𝑥) 

in which 𝜙ℎ(𝑥) =
𝑘𝐶1

2
𝑥2 + 𝐶2𝑥 + 𝐶3 represents the homogeneous solution, while 

𝜙𝑝(𝑥) =  
𝑘

6𝐺𝐴𝑘𝑠
𝑞𝑧𝑜𝑥

3  
𝑚𝑥𝑜

2𝐸𝐼𝑦𝑦
𝑥2 is the particular solution associated with the applied 

loading.  

From equation (23) and equation (20), the slope of the displacement is obtained as: 

 𝑤′ =  
𝑞𝑧𝑜

𝐺𝐴𝑘𝑠
𝑥 + 𝐶1  

𝑘𝐶1

2
𝑥2 +

𝑘

6𝐺𝐴𝑘𝑠
𝑞𝑧𝑜𝑥

3 +
𝑚𝑥𝑜

2𝐸𝐼𝑦𝑦
𝑥2  𝐶2𝑥  𝐶3 

Integrating to obtain 𝑤(𝑥): 

 𝑤(𝑥) = (𝑥  
𝑘

6
𝑥3)𝐶1  

𝐶2

2
𝑥2  𝐶3𝑥 + 𝐶4 +

𝑞𝑧𝑜

2𝐺𝐴𝑘𝑠
(
𝑘

12
𝑥2  1) 𝑥2 +

𝑚𝑥𝑜

6𝐸𝐼𝑦𝑦
𝑥3          (24) 

Similarly, the displacement solution can be expressed as:    

𝑤(𝑥) = 𝑤ℎ(𝑥) + 𝑤𝑝(𝑥) 

where the homogeneous and particular solutions are defined as: 

𝑤ℎ(𝑥) = (𝑥  
𝑘

6
𝑥3) 𝐶1  

𝐶2

2
𝑥2  𝐶3𝑥 + 𝐶4  

and   𝑤𝑝(𝑥) =
𝑞𝑧𝑜

2𝐺𝐴𝑘𝑠
(
𝑘

12
𝑥2  1)𝑥2 +

𝑚𝑥𝑜

6𝐸𝐼𝑦𝑦
𝑥3 

The four unknown integration constants 𝐶1, 𝐶2, 𝐶3 and 𝐶4 are obtained from the 

prescribed boundary conditions of the considered beam configuration. The displacement 

and rotation fields given in equations (23-24) can be conveniently arranged in matrix form 

as: 

{𝜒(𝑥)}2×1 = [𝐸(𝑥)]2×4{𝐶𝑖}4×1+ {𝜒𝑝(𝑥)}2×1                                                               (25) 

where [𝐸(𝑥)]2×4 = [
(𝑥  

𝑘

6
𝑥3)  

𝑥2

2
 𝑥 1

𝑘

2
𝑥2 𝑥 1 0

]

2×4

denotes the matrix of exact 

homogeneous shape functions, 〈𝜒(𝑥)〉1×2 = 〈𝑤(𝑥) 𝜙(𝑥)〉1×2, and 〈𝐶𝑖〉1×4 =
〈𝐶1 𝐶2 𝐶3 𝐶4〉1×4 is the vector of integration constants determined from the 

prescribed boundary conditions. 

EXACT CLOSED FORM SOLUTIONS FOR BEAM CONFIGURATIONS 

The boundary conditions adopted for the Timoshenko beam formulations are 

summarized in Table (1). By enforcing the appropriate boundary conditions, exact closed-

form solutions are obtained for clamped-free (CF), simply-supported (SS), clamped-

clamped (CC), clamped-pinned (CP), and clamped-simply supported (CS) beam 

configurations subjected to various bending loads. The corresponding analytical 

expressions are listed in Table (1), where 𝑤𝑝(𝑥) and 𝜙𝑝(𝑥) denote the particular solutions 

associated with the transverse displacement and cross-sectional rotation, respectively, 

arising from the applied external loading. 
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Table 1: The complete closed-form solutions for different beam configurations. 

Beam 

type 

Boundary 

conditions 
Exact closed-form solution 

CF 

𝑤(0) = 𝜙(0) = 0,  

 𝑤′(𝐿) + 𝜙(𝐿) =
𝐹𝑧(𝐿)

𝐺𝐴𝑘𝑠
, and 

𝜙′(𝐿) =
𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 

{𝜒𝐶𝐹(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛹𝐶𝐹(𝑥)]4×4
−1 {𝑄𝐶𝐹}4×1+ {𝜒𝑝(𝑥)}2×1

 

where [𝛹𝐶𝐹(𝑥)]4×4 = [

0 0 0 1
0 0 1 0
1 0 0 1
𝑘𝐿 1 0 0

]

4×4

, and 〈𝑄𝐶𝐹〉1×4 =

〈 𝑤𝑝(0)  𝜙𝑝(0)  
𝑭𝒛(𝑳)

𝑮𝑨𝒌𝒔
 𝑤𝑝

′ (𝐿)  𝜙𝑝(𝐿)  
𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 𝜙𝑝

′ (𝐿)〉1×4 

SS 

𝑤(0) = 0,  

 𝜙′(0) =
𝑀𝑥(0)

𝐸𝐼𝑦𝑦
, 

  𝑤(𝐿) = 0, and 

𝜙′(𝐿) =
−𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 

{𝜒𝑆𝑆(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛹𝑆𝑆(𝑥)]4×4
−1 {𝑄𝑆𝑆}4×1+ {𝜒𝑝(𝑥)}2×1

 

where [𝛹𝑆𝑆(𝑥)]4×4 = [

0 0 0 1
0 1 0 0

𝐿(1  𝑘𝐿2 6⁄ )  𝐿2 2⁄  𝐿 1
𝑘𝐿 1 0 0

]

4×4

, and 

〈𝑄𝑆𝑆〉1×4 = 〈0
𝑀𝑥(0)

𝐸𝐼𝑦𝑦
 𝑤𝑝(𝐿)  

𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 𝜙𝑝

′ (𝐿)〉1×4 

CP 

𝑤(0) = 𝜙(0) = 0 ,  

𝑤(𝐿) = 0 , and 

𝜙′(𝐿) =
−𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 

{𝜒𝐶𝑃(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛹𝐶𝑃(𝑥)]4×4
−1 {𝑄𝐶𝑃}4×1+ {𝜒𝑝(𝑥)}2×1

 

where [𝛹𝐶𝑃(𝑥)]4×4 = [

0 0 0 1
0 0 1 0

𝐿(1  𝑘 𝐿2 6⁄ )  𝐿2 2⁄  𝐿 1
𝑘𝐿 1 0 0

]

4×4

, and 

〈𝑄𝐶𝑃〉1×4 = 〈0 0  𝑤𝑝(𝐿)  𝑀𝑥(𝐿) 𝐸𝐼𝑦𝑦⁄  𝜙𝑝
′ (𝐿)〉1×4 

CC 

𝑤(0) = 𝜙(0) = 0 , 

𝑤(𝐿) = 0, and  

𝜙(𝐿) = 0 

{𝜒𝐶𝐶(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛹𝐶𝐶(𝑥)]4×4
−1 {𝑄𝐶𝐶}4×1+ {𝜒𝑝(𝑥)}2×1

 

where [𝛹𝐶𝐶(𝑥)]4×4 = [

0 0 0 1
0 0 1 0

𝐿(1  𝑘 𝐿2 6⁄ )  𝐿2 2⁄  𝐿 1

𝑘 𝐿2 2⁄ 𝐿 1 0

]

4×4

, and 

〈𝑄𝐶𝐶〉1×4

= 〈0 0 (
𝑞𝑧𝑜𝐿

2

2𝐺𝐴𝑘𝑠
(1  

𝑘

12
𝐿2)  

𝐿3𝑚𝑥𝑜

6𝐸𝐼𝑦𝑦
) (

𝑘𝐿3𝑞𝑧𝑜
6𝐺𝐴𝑘𝑠

+
𝐿2𝑚𝑥𝑜

2𝐸𝐼𝑦𝑦
)〉1×4 

CS 

𝑤(0) = 𝜙(0) = 0 , 

𝑤′(𝐿) + 𝜙(L) = 0,  

 𝜙′(𝐿) =  
𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 

 

{𝜒𝐶𝑆(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛹𝐶𝑆(𝑥)]4×4
−1 {𝑄𝐶𝑆}4×1+ {𝜒𝑝(𝑥)}2×1

 

where [𝛹𝐶𝑆(𝑥)]4×4 = [

0 0 0 1
0 0 1 0
1 0 0 0
𝑘𝐿 1 0 0

]

4×4

, and 

〈𝑄𝐶𝑆〉1×4 = 〈0 0  𝑤𝑝
′ (𝐿)  𝜙𝑝(𝐿)  

𝑀𝑥(𝐿)

𝐸𝐼𝑦𝑦
 𝜙𝑝

′ (𝐿)〉1×4 

 

FINITE ELEMENT FORMULATION  

An exact finite element formulation is developed for the static bending analysis of 

Timoshenko beams subjected to various bending loads and moments. The proposed two-

node beam element, possessing four degrees of freedom, is constructed using exact 

interpolation functions derived from the homogeneous solution of the coupled governing 

bending equations presented in equation (25). These interpolation functions are 

subsequently employed to derive the element stiffness matrix and the consistent 

equivalent nodal load vector, thereby enabling an accurate representation of the bending 

response of Timoshenko beams. 
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Formulation of Exact Shape Function 

To relate the transverse displacement 𝑤(𝑥) and bending rotation 𝜙(𝑥) functions to 

the nodal transverse displacement and rotation, the vector of integration constants 〈𝐶𝑖〉1×4 

is expressed in terms of nodal bending displacement and rotation 〈𝑑𝑒〉1×4 =
〈𝑊1 𝜙1 𝑊2 𝜙2〉1×4by enforcing the conditions 𝑤(0) = 𝑊1, 𝜙(0) = 𝜙1, 𝑤(𝐿𝑒) =
𝑊2, and 𝜙(𝐿𝑒) = 𝜙2, yields: 

{𝑑𝑒}4×1 = {
{𝜒(0)}2×1

{𝜒(𝐿𝑒)}2×1
}
4×1

= {
{𝐸(0)}2×4

{𝐸(𝐿𝑒)}2×4
}
4×4

{𝐶𝑖}4×1 = [𝛷]4×4{𝐶𝑖}4×1               (26) 

From equations (25) and (26), one obtains: 

{𝜒(𝑥)}2×1 = [𝐸(𝑥)]2×4[𝛷]4×4
−1 {𝑑𝑒}4×1 = [𝐻(𝑥)]2×4{𝑑𝑒}4×1                                      (27) 

where [𝐻(𝑥)]2×4denotes the matrix of exact shape functions, defined as [𝐻(𝑥)] =
[𝐸(𝑥)][Φ]−1, in which [𝐸(𝑥)]2×4is the matrix containing the spatial distribution 

functions associated with the homogeneous solution, and [Φ]4×4is the transformation 

matrix that relates the integration constants of the analytical solution to the element nodal 

degrees of freedom. The exact shape functions describe only the homogeneous 

component of the displacement field, whereas the contribution of external loading is 

introduced through the corresponding particular solution and equivalent nodal load 

vector. 

Unlike conventional finite elements, where polynomial interpolation functions are 

assumed independently of the governing equations, the present interpolation functions 

are constructed directly from the analytical homogeneous solution of the coupled 

differential equations. Therefore, the interpolated displacement field satisfies the 

homogeneous part of the governing equations exactly at every point within the element 

domain. This eliminates the interpolation error associated with approximating the 

homogeneous solution using polynomial functions and provides improved accuracy and 

convergence characteristics. Furthermore, the exact shape functions inherently 

incorporate the effects of element length, material properties, and cross-sectional 

parameters through the analytical solution of the governing equations. 

Accordingly, the proposed formulation is referred to as an exact finite element 

because the element interpolation is obtained from the analytical solution basis of the 

homogeneous field equations rather than from assumed polynomial approximations. As 

a result, the homogeneous component of the displacement field is represented exactly 

within each element, enabling highly accurate solutions with a reduced number of degrees 

of freedom. 

The strain energy variation is expressed in terms of nodal displacements and rotations 

as: 

𝛿𝑈 = 〈𝛿𝑑𝑒〉1×4 [∫ ([𝐻′(𝑥)]4×2
𝑇 [𝑍𝑎]2×2[𝐻′(𝑥)]2×4 + [𝐻𝑠

′(𝑥)]4×2
𝑇 [𝑍𝑠]2×2[𝐻𝑟(𝑥)]2×4 +

𝐿𝑒

0

                               [𝐻𝑚
′ (𝑥)]4×2

𝑇 [𝑍𝑠]2×2[𝐻𝑟(𝑥)]2×4) 𝑑𝑥] {𝛿𝑑𝑒}4×1                                  (28) 

and the variation of potential energy of external forces and moments is given as: 

            𝛿𝑉 =  〈𝛿𝑑𝑒〉1×4 (∫ [[𝐻(𝑥)]4×2
𝑇 {𝑄𝑑}2×1𝑑𝑥 + [[𝐻(𝑥)]4×2

𝑇 {𝑄𝑐}2×1]0
𝐿𝑒𝐿𝑒

0
)      (29) 
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where [𝐻𝑠
′(𝑥)]4×2

𝑇 = [𝐻1,𝑗
′ (𝑥) 0]

4×2 

𝑇
, [𝐻𝑟(𝑥)]2×4 = [𝐻2,𝑗(𝑥) 0]2×4 , [𝐻𝑚

′ (𝑥)]4×2
𝑇 =

[(𝐻1,𝑗
′ (𝑥) + 𝐻2,𝑗(𝑥)) 0]

4×2 

𝑇
, [𝑍𝑎]2×2 = [

𝐺𝐴𝑘𝑠 0
0 𝐸𝐼𝑦𝑦

]
2×2

, [𝑍𝑠]2×2 = [
𝐺𝐴𝑘𝑠 0
0 0

]
2×2

,  

〈𝑄𝑑〉2×1 = 〈𝑞𝑧 𝑚𝑥〉2×1, and 〈𝑄𝑐〉2×1 = 〈𝐹𝑧 𝑀𝑥〉2×1. 

 

Matrix Formulation 

From equations (28-29), by substituting into expression of minimum total potential 

energy presented in equation (10), one obtains: 

                       [𝐾𝑒]4×4{𝑑𝑒}4×1 = {𝐹𝑒}4×1                                                                                           (30) 

in which, the stiffness matrix for beam element [𝐾𝑒]4×4is given by: 

   [𝑘𝑒]4×4 = ∫ ([𝐻′(𝑥)]4×2
𝑇 [𝑍𝑎]2×2[𝐻′(𝑥)]2×4 + [𝐻𝑠

′(𝑥)]4×2
𝑇 [𝑍𝑠]2×2[𝐻𝑟(𝑥)]2×4 +

𝐿𝑒

0

                                      [𝐻𝑚
′ (𝑥)]4×2

𝑇 [𝑍𝑠]2×2[𝐻𝑟(𝑥)]2×4) 𝑑𝑥                                                          (31) 

The element load vector {𝐹𝑒}4×1 is given by: 

                    {𝑓𝑒}4×1 = ∫ [[𝐻(𝑥)]4×2
𝑇 {𝑄𝑑}2×1𝑑𝑥 + [[𝐻(𝑥)]4×2

𝑇 {𝑄𝑐}2×1]0
𝐿𝑒𝐿𝑒

0
                (32) 

The stiffness matrix and equivalent nodal load vector for the proposed two-node 

Timoshenko beam element, having four degrees of freedom per node to represent the 

coupled bending response, are derived using the exact interpolation (shape) functions 

developed in the present formulation. 

NUMERICAL EXAMPLES 

This section presents a series of numerical examples involving thick beams subjected 

to various transverse loading conditions and boundary constraints to assess the 

performance of the proposed exact two-node finite beam element. The formulation 

employs exact interpolation (shape) functions derived from the homogeneous solution of 

the coupled bending governing equations. As a result, the beam element satisfies the 

governing differential equations exactly within the element domain, thereby eliminating 

the interpolation errors associated with conventional polynomial-based finite element 

formulations. Consequently, highly accurate solutions are achieved with a minimal 

number of elements and degrees of freedom. The numerical predictions obtained using 

the proposed beam element, which possesses two degrees of freedom at each node, are 

validated through comparisons with available exact analytical solutions and published 

finite element results, demonstrating the accuracy, efficiency, and robustness of the 

proposed formulation. 

Example (1): Validation of the Proposed Formulations 

The accuracy and efficiency of the proposed finite element formulation for static 

bending analysis are evaluated using a cantilever beam of length 2400mm. As shown in 

Figure (2a), the beam is subjected to a uniformly distributed transverse load, 𝑞𝑧(𝑥) =
5.0kN/m, and a uniformly distributed bending moment, 𝑚𝑥(𝑥) = 2.0kN.m/m, acting 

over the entire beam length. A concentrated transverse force, 𝐹𝑧(𝐿) = 2.40kN, together 

with an end bending moment, 𝑀𝑥(𝐿) = 1.60kN.m, is applied at the free end. The beam 

is assumed to be made of steel with material properties 𝐸 = 200GPa and 𝜐 = 0.30, while 

the dimensions of the rectangular hollow cross-section are described in Figure (2b). The 

correction shear factor is 0.44. 
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Figure 2: (a) A cantilever beam under various bending loads, (b) Section dimensions 

 

To assess the accuracy of the proposed approach, the static bending responses 

obtained from the present exact closed-form solution and the developed finite beam 

element formulation are validated against published analytical solutions as well as 

numerical results generated using the Abaqus finite element package. In the Abaqus 

model, the beam is discretized into 80 B31 beam elements, resulting in a total of 486 

degrees of freedom, to achieve a highly accurate reference solution. By comparison, the 

proposed finite element formulation requires only a single beam element with four 

degrees of freedom to reproduce the exact nodal response of the clamped-free beam. 

Nevertheless, for consistency throughout the numerical investigations, the present study 

employs a mesh of six beam elements (14 degrees of freedom), which still provides 

excellent agreement with the exact analytical solution while using considerably fewer 

degrees of freedom than the conventional finite element model. 

Table (2) compares the static bending responses obtained using the proposed exact 

closed-form solution, the present finite element formulation, and the Abaqus finite 

element model. The proposed finite element (PFE) formulation reproduces the exact 

nodal results for all loading cases using only one beam element (4 DOFs), while the 

Abaqus finite element (AFE) model requires 80 B31 beam elements (486 DOFs) to 

achieve comparable accuracy. 

 
Table 2: Static response for cantilever Timoshenko beam. 

Type of loading 

Present CFS 
Present PFE  

(4 dofs) 

Abaqus AFE  

(486 dofs) 

% 𝐄𝐫𝐫𝐨𝐫 =   

|
𝑷𝑭𝑬  𝑨𝑭𝑬

𝑨𝑭𝑬
| 

w(L) 

[mm] 
𝜃(𝐿) 
[rad] 

w(L) 

[mm] 
𝜃(𝐿) 
[rad] 

w(L) 

[mm] 
𝜃(𝐿) 
[rad] 

w(L) 𝜃(𝐿) 

𝑞𝑧 = 5.0𝑘𝑁/𝑚 -6.671 -3.657 -6.671 -3.657 -6.699 -3.680 0.42% 0.63% 

𝑚𝑥 = 2.0𝑘𝑁𝑚/𝑚 -2.926 -1.829 -2.926 -1.829 -2.917 -1.829 0.31% 0.00% 

𝐹𝑧(𝐿) = 2.40𝑘𝑁 -3.545 -2.194 -3.545 -2.194 -3.546 -2.194 0.03% 0.00% 

𝑀𝑥(𝐿) = 1.60𝑘𝑁𝑚 1.463 -1.219 1.463 -1.219 1.463 -1.219 0.00% 0.00% 

All bending loads  -11.68 -6.461 -11.68 -6.461 -11.70 -6.484 0.17% 0.35% 

 

To further demonstrate the accuracy of the proposed formulation along the beam 

length, the transverse displacement and bending rotation distributions are computed using 

a mesh of six beam elements (14 DOFs) for the sake of comparison. This discretization 

is adopted solely to facilitate a direct comparison with the Abaqus solution, which 

employs 80 B31 beam elements (486 DOFs). As shown in Figure (3), the proposed 
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formulation remains in excellent agreement with the Abaqus results while requiring 

significantly fewer degrees of freedom. The observed agreement can be attributed to the 

use of interpolation functions derived directly from the analytical homogeneous solution 

of the governing differential equations. Unlike conventional polynomial interpolation, the 

proposed exact shape functions satisfy the homogeneous governing equations identically 

throughout the element domain, thereby eliminating interpolation errors within each 

element. Consequently, a simple two-node element with only four degrees of freedom is 

sufficient to accurately reproduce the beam response for the benchmark problem 

considered. Furthermore, the exact interpolation inherently captures the physical behavior 

of the beam, leading to rapid convergence and significantly reducing the discretization 

error associated with mesh refinement. In contrast, the Abaqus B31 beam element 

employs polynomial interpolation functions that approximate the displacement field 

within each element. Therefore, a substantially finer mesh is required to progressively 

reduce interpolation errors and achieve a level of accuracy comparable to that of the 

proposed exact element. These results demonstrate that the present formulation offers 

excellent computational efficiency by attaining the same level of accuracy with only a 

small fraction of the computational degrees of freedom. 
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Figure 3: Static response for cantilever Timoshenko beam; (a) distributed transverse load, 

(b) distributed bending moment, (c) concentrated transverse force, (d) concentrated 

bending moment, and (e) all applied forces and moments 

 

Example (2): Shear Deformation Effect 

To investigate the influence of shear deformation on the structural beam response, 

two beam configurations with lengths of 1.0m and 6.0m are considered. The beams are 

subjected to a uniformly distributed transverse load of 𝑞𝑧(𝑥) = 8.0𝑘𝑁/𝑚 and analyzed 

under both simply supported and clamped–clamped boundary conditions. The beams 

possess a solid circular cross-section with a diameter of 160mm and are made of steel 

with a Young’s modulus of 𝐸 = 200𝐺𝑃𝑎 and a Poisson's ratio of 𝜐 = 0.28. A shear 

correction factor of 𝑘𝑠 = 6/7 is employed to account for the non-uniform distribution of 

transverse shear stresses across the cross-section over the cross-section. 
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To assess the accuracy and reliability of the proposed closed-form solution and finite 

element formulation, an independent finite element model is constructed using Abaqus. 

The results obtained from the Abaqus finite element simulations are considered as a 

reference for comparison and assessment of the proposed approaches. 

Although the proposed formulations achieve highly accurate predictions using only 

two beam elements with six degrees of freedom for the considered beam cases, the present 

finite element models are further discretized using six beam elements with a total of 14 

degrees of freedom to provide detailed comparisons. In addition, the corresponding 

Abaqus models are developed using 121 B31 beam elements, resulting in 726 degrees of 

freedom. The comparison highlights the computational efficiency of the proposed 

formulation while preserving excellent accuracy compared with the conventional finite 

element approach. 

The transverse displacement 𝑤(𝐿/2) and bending rotation 𝜙(𝐿/3) are presented in 

Tables (3–6) for both simply supported and clamped–clamped beam configurations. 

These results demonstrate the high accuracy of the proposed closed-form solution and 

finite element formulation for predicting the static bending response of Timoshenko 

beams. The present solutions show excellent agreement with the exact solution for both 

simply supported and clamped–clamped boundary conditions, where identical values are 

obtained for transverse displacement and bending rotation. Compared with the Euler–

Bernoulli exact solution, the proposed Timoshenko formulation predicts slightly higher 

displacements due to the inclusion of shear deformation effects, which become more 

pronounced for longer beam spans. The Abaqus results show very close agreement with 

the proposed solutions, confirming the validity of the developed formulation. Moreover, 

the proposed finite element model provides accurate results with significantly fewer 

degrees of freedom, highlighting its computational efficiency. 

 
Table 3: Maximum transverse displacement w(L/2) [mm] for simply-supported beam. 

x (m) 

Transverse displacement 𝒘(𝑳 𝟐⁄ ) in [mm] 
% Error= 
|𝑷𝑭𝑬−𝑨𝑭𝑬|

|𝑨𝑭𝑬|
 

E-

Bernoulli 

Solution 

Present 

CF 

Solution 

Exact 

Solution 

Present  

Solution 

PFE 

Abaqus  

Solution 

AFE 

1 -0.0162 -0.0169 -0.0169 -0.0169 -0.0166 1.81% 

2 -0.2590 -0.2620 -0.2620 -0.2620 -0.2575 1.75% 

3 -1.3114 -1.3181 -1.3181 -1.3181 -1.2959 1.71% 

4 -4.1447 -4.1565 -4.1565 -4.1565 -4.0868 1.71% 

5 -10.119 -10.137 -10.137 -10.137 -9.9677 1.70% 

6 -20.982 -21.009 -21.009 -21.009 -20.658 1.70% 

 

Table 4: Bending rotation 𝝓(L/3) [rad] for simply-supported beam. 

x (m) 

Bending rotation 𝝓(L/3) in [𝟏𝟎−𝟑𝒓𝒂𝒅] 
% Error= 
|𝑷𝑭𝑬−𝑨𝑭𝑬|

|𝑨𝑭𝑬|
 

E-

Bernoulli 

Solution 

Present 

CF 

Solution 

Exact 

Solution 

Present  

Solution 

PFE 

Abaqus  

Solution 

AFE 

1 0.0249 0.0249 0.0249 0.0249 0.0245 1.63% 

2 0.1996 0.1996 0.1996 0.1996 0.1962 1.73% 
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3 0.6735 0.6735 0.6735 0.6735 0.6623 1.69% 

4 1.5965 1.5965 1.5965 1.5965 1.5700 1.69% 

5 3.1181 3.1181 3.1181 3.1181 3.0664 1.69% 

6 5.3881 5.3881 5.3881 5.3881 5.2987 1.69% 

 

 

Table 5: Maximum transverse displacement w(L/2) [mm] for clamped-clamped beam. 

x (m) 

Transverse displacement 𝒘(𝑳 𝟐⁄ ) in [mm] 
% Error= 
|𝑷𝑭𝑬−𝑨𝑭𝑬|

|𝑨𝑭𝑬|
 

E-

Bernoulli 

Solution 

Present 

CF 

Solution 

Exact 

Solution 

Present  

Solution 

PFE 

Abaqus  

Solution 

AFE 

1 -0.0032 -0.0040 -0.0040 -0.0040 -0.0039 2.56% 

2 -0.0518 -0.0548 -0.0548 -0.0548 -0.0538 1.86% 

3 -0.2623 -0.2690 -0.2690 -0.2690 -0.2642 1.82% 

4 -0.8289 -0.8408 -0.8408 -0.8408 -0.8263 1.75% 

5 -2.0238 -2.0423 -2.0423 -2.0423 -2.0076 1.73% 

6 -4.1965 -4.2232 -4.2232 -4.2232 -4.1517 1.72% 

 
Table 6: Bending rotation 𝝓(L/3) [rad] for clamped-clamped beam. 

x (m) 

Bending rotation 𝝓(L/3) in [𝟏𝟎−𝟑𝒓𝒂𝒅] 
% Error= 
|𝑷𝑭𝑬−𝑨𝑭𝑬|

|𝑨𝑭𝑬|
 

E-

Bernoulli 

Solution 

Present 

CF  

 Solution 

Exact 

Solution 

Present  

Solution 

PFE 

Abaqus 

Solution 

AFE 

1 0.0077 0.0077 0.0077 0.0077 0.0075 2.67% 

2 0.0614 0.0614 0.0614 0.0614 0.0604 1.66% 

3 0.2072 0.2072 0.2072 0.2072 0.2038 1.67% 

4 0.4912 0.4912 0.4912 0.4912 0.4832 1.66% 

5 0.9594 0.9594 0.9594 0.9594 0.9437 1.66% 

6 1.6579 1.6579 1.6579 1.6579 1.6307 1.67% 

 

It is observed that the relative differences reported in Tables (3–6) (approximately 

1.6–2.7%) are slightly higher than those obtained in Example 1 (below 0.6%). This 

discrepancy is mainly attributed to the numerical characteristics of the Abaqus B31 

element when modeling short Timoshenko beams with solid circular cross-sections, for 

which transverse shear effects become more pronounced. In particular, the 

implementation of the shear correction factor and the reduced integration procedure may 

introduce minor numerical deviations, even when a sufficiently refined mesh of 121 

elements is employed. In contrast, the proposed exact finite element formulation is 

derived directly from the closed-form solution of the governing differential equations and 

therefore does not involve interpolation or discretization errors. Consequently, the small 

differences observed between the two solutions are primarily associated with the 

reference finite element discretization rather than limitations of the proposed approach. 

Moreover, the ability of the proposed element to achieve comparable accuracy using only 

6 degrees of freedom, compared with 726 degrees of freedom required by the Abaqus 

model, demonstrates its high computational efficiency and confirms the accuracy and 

reliability of the developed exact formulation. 
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To provide a more comprehensive validation of the proposed formulation over the 

entire beam length, Figures (4) and (5) compare the distributions of the transverse 

displacement, 𝑊𝑛, and bending rotation, 𝜙𝑛 at nodes obtained from Euler–Bernoulli 

solution, the present closed-form solution (CFS), exact solution, and the proposed finite 

element (PFE) formulation, for simply supported and clamped-clamped boundary 

conditions, respectively. The proposed finite element formulation exhibits excellent 

agreement with the CFS, demonstrating its capability to accurately predict the analytical 

response throughout the beam length. In contrast, the Euler–Bernoulli solution predicts a 

slightly stiffer response, with the discrepancy becoming more evident for short beams due 

to the influence of shear deformation. As the beam slenderness increases, the effect of 

shear deformation gradually diminishes, resulting in closer agreement between the 

Timoshenko-based and Euler–Bernoulli solutions. 

  

  
Figure 4. Static response of simply-supported Timoshenko short and long beams 
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Figure 5. Static response of clamped–clamped Timoshenko short and long beams 

 

Example (3): Validation of Finite Element Formulation 

A benchmark example of a clamped-roller beam is considered to evaluate the 

proposed finite element formulation. As shown in Figure (6), the beam is subjected to a 

uniformly distributed transverse load 𝑞𝑧(𝑥) = 6.0𝑘𝑁/𝑚 along the beam axis, 

concentrated transverse forces of 5.0kN and 4.0kN applied at 𝑥 = 1.0m and 𝑥 = 4.0m, 

respectively, and an end bending moment of 5.0kN ⋅ m applied at the right support. The 

beam has a length of 𝐿 = 6.0m with a rectangular cross-section of width 𝑏 = 0.08m and 

height ℎ = 0.160m. The beam is made of steel with Young's modulus 𝐸 = 200GPa and 

Poisson's ratio 𝜈 = 0.28. A shear correction factor of 𝑘𝑠 = 5/6 is employed. 

 

 

Figure 6. A clamped-roller Timoshenko beam under various bending loads. 

 

The proposed finite element model requires only six beam elements (14 degrees of 

freedom), whereas the Abaqus finite element model consists of 120 B31 beam elements 

(726 degrees of freedom). This substantial difference in model size highlights the 

computational efficiency of the proposed formulation. 

The results presented in Table (7) demonstrate the excellent performance of the 

proposed exact finite element formulation for the static bending analysis of a clamped-

roller Timoshenko beam. The proposed formulation, utilizing only 14 degrees of freedom, 

yields transverse displacement and bending rotation predictions that are in remarkable 

agreement with those obtained from a highly refined Abaqus model comprising 726 

degrees of freedom. The maximum errors are 0.04% for displacement and 0.06% for 

rotation, with most locations exhibiting errors below 0.02%. These results confirm that 

the exact shape functions, derived directly from the analytical homogeneous solution of 

the governing differential equations, effectively capture the complex beam kinematics 

and the coupling between transverse displacement and cross-sectional rotation inherent 
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in Timoshenko beam theory. Importantly, the proposed formulation achieves this 

accuracy with a reduction of more than 98% in degrees of freedom compared with the 

Abaqus model, leading to substantial computational savings without sacrificing solution 

quality. The outstanding performance of the proposed element underscores its practical 

utility for engineering analysis and design, particularly in applications involving iterative 

analysis, design optimization, or integration within larger structural frameworks. 

 
Table 7: Static response for clamped-roller Timoshenko beam. 

Position (x)  
[m] 

Variable 
Present FES 
(14 DOFs) 

Abaqus FES 
(726 DOFs) 

Error (%) 

0 
𝑤 [𝑚𝑚] 0.000 0.000 0.00 

𝜙 [10−3𝑟𝑎𝑑] 0.000 0.000 0.00 

1 
𝑤 [𝑚𝑚] -2.523 -2.522 0.04 

𝜙 [10−3𝑟𝑎𝑑] -4.141 -4.141 0.00 

2 
𝑤 [𝑚𝑚] -6.993 -6.992 0.01 

𝜙 [10−3𝑟𝑎𝑑] -4.258 -4.258 0.00 

3 
𝑤 [𝑚𝑚] -10.25 -10.25 0.00 

𝜙 [10−3𝑟𝑎𝑑] 1.907 1.907 0.00 

4 
𝑤 [𝑚𝑚] -10.37 -10.37 0.00 

𝜙 [10−3𝑟𝑎𝑑] 1.812 1.811 0.06 

5 
𝑤 [𝑚𝑚] -6.656 -6.655 0.02 

𝜙 [10−3𝑟𝑎𝑑] 5.434 5.434 0.00 

6 
𝑤 [𝑚𝑚] 0.000 0.000 0.00 

𝜙 [10−3𝑟𝑎𝑑] 7.497 7.496 0.01 

 

In addition, the results presented in Figure (7) demonstrate excellent agreement 

between the proposed finite element formulation and the highly refined Abaqus model 

across the entire beam length. The displacement reaches a maximum of −10.5 mm near 

x=4.0m, while the rotation reaches 0.007rad at the roller support. This exceptional 

accuracy is achieved with only 14 degrees of freedom, compared with 726 degrees of 

freedom required by the Abaqus model, representing a reduction of approximately 98.1% 

in computational effort. These findings confirm that the exact shape functions effectively 

capture the beam kinematics and enable mesh-independent accuracy with minimal 

discretization. 

 

  

Figure 7. Static response of clamped-roller Timoshenko beam under bending loads 
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CONCLUSION 

An exact finite element formulation for the static bending analysis of Timoshenko 

beams has been developed by constructing element shape functions directly from the 

analytical homogeneous solutions of the governing differential equations derived using 

the principle of minimum potential energy. The resulting interpolation satisfies the 

homogeneous governing equations exactly within each element, thereby eliminating the 

interpolation errors associated with conventional polynomial-based beam elements. 

➢ The proposed formulation provides a unified analytical framework consisting of exact 

shape functions, closed-form element stiffness and consistent load matrices, and 

analytical benchmark solutions for several common beam boundary conditions and 

loading cases. 

➢ Numerical examples demonstrate excellent agreement with exact analytical solutions 

and highly refined Abaqus finite element models, confirming the accuracy and 

reliability of the developed element in predicting both transverse displacement and 

cross-sectional rotation. 

➢ The developed element accurately accounts for transverse shear deformation and 

achieves high computational efficiency by requiring significantly fewer degrees of 

freedom than conventional finite element models, making it well suited for the analysis 

of thick and moderately thick beams. 

➢ Future work may extend the proposed formulation to dynamic and vibration analyses, 

stability and buckling problems, geometrically nonlinear behavior, thermoelastic 

effects, functionally graded materials, and laminated composite beam structures, 

thereby broadening its applicability to more advanced structural engineering problems. 
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